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Diagonal Implicit Multigrid Algorithm
for the Euler Equations

David A. Caughey*
Cornell University, Ithaca, New York

A multigrid implementation of the Alternating Direction Implicit algorithm has been developed to solve the
Euler equations of inviscid, compressible flow. The equations are approximated using a finite-volume spatial
discretization with added dissipation provided by an adaptive blend of second and fourth differences. For
computational efficiency, the equations are diagonalized by a local similarity transformation so that only a
decoupled system of scalar pentadiagonal systems need be solved along each line. Results are computed for
transonic flows past airfoils and include pressure distributions to verify the accuracy of the basic scheme and
convergence histories to demonstrate the efficiency of the method.

1. Introduction

HE explicit multistage Runge-Kutta method developed by

Jameson, Schmidt, and Turkel! has proved an effective
tool for solving finite-volume approximations to the Euler
equations of compressible flow, particularly in the transonic
speed regime. The further development of that method within
the framework of the multigrid algorithm? has made calcula-
tions for realistic three-dimensional configurations practical.
Attempts to extend the method to solve the Navier-Stokes
equations have met with only limited success, however.
Although the Runge-Kutta time-stepping algorithm seems still
to be suitable, attempts at incorporating the multigrid
algorithm have not been particularly successful.?> The failure
of the multigrid method seems to be caused not by the
additional complexity of the Navier-Stokes equations them-
selves but rather by the need to compute solutions on
highly-stretched grids in order to resolve the thin shear layers,
which appear in solutions at the high Reynolds numbers of
practical interest. This requires grids having mesh cells of
extremely high aspect ratio near solid boundaries, and the
explicit multigrid method does not converge well in this
situation, even for the Euler equations.*

Physically, this can be attributed to the fact that the time
step of the explicit method is limited by the time required for
wave propagation across the short dimension of the cell,
which can be many times smaller than that required for wave
propagation across the long dimension.

In an attempt to circumvent the problem of slow conver-
gence of explicit methods associated with mesh cells of high
aspect ratio, an Alternating Direction Implicit (ADI) multigrid
method has been developed. The ADI scheme has proven to be
a very effective smoothing algorithm for multigrid calcula-
tions of transonic flow based upon the steady potential
equation.’

A method related to the present scheme has also been
studied recently by Jameson and Yoon.® In order for the
implicit method to be an effective smoothing algorithm when
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used in conjunction with the multigrid algorithm, it is
important to include an accurate representation of the
dissipative terms. These usually include fourth differences to
maintain high accuracy, and their inclusion in the implicit
operator requires the inversion of pentadiagonal systems for
each one-dimensional factor. To avoid the high cost of solving
block pentadiagonal systems, the equations in the present
scheme are first diagonalized at each point using a local
similarity transformation, following Chaussee and Pulliam.”
This has the effect of decoupling the equations and requiring
the solution of four scalar pentadiagonal equations for each
factor in two-dimensional problems. The resulting method has
good high wave-number damping, and so it is a good smooth-
ing algorithm for use in conjunction with the multigrid
method. It is also computationally efficient because of the
need to solve only scalar systems. Additional computational
work is required to determine the local similarity transforma-
tions and to perform matrix multiplies of the residual and of
the intermediate and final corrections, but this is a small
fraction of the work required to solve the block systems. In
addition, the calculation of the elements of the modal matrices
(and their inverses) and the matrix-vector multiplies can be
vectorized for each line to reduce further the required CPU
time on many computers.

In the following section the method will be described,
focusing on those aspects relevant to the implementation of
the implicit algorithm. Results of a stability (convergence)
analysis will then be presented for a model scalar equation and
will illustrate the beneficial high wave-number characteristics
of fourth-order implicit schemes. Finally, results for the
two-dimensional transonic flow past airfoils will be presented
to demonstrate the promise of the method.

II. Analysis

Finite-Volume Formulation

The Euler equations of inviscid compressible flow can be
written (in two space dimensions) as

aw of  dg
6t+6x+ay—0 M

where

w = [p, pu, pv, e}’ (22)
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is the vector of conserved dependent variables, and
f=lou, pu®+p, puv, (e + p)u}” (2b)
g = lov, puv, pv* +p, (e + p)vjT (20)

are the flux vectors in the x- and y-coordinate directions,
respectively. Here p and p are the fluid density and pressure,
u and v are the velocity components in the x- and y-directions,
and e is the total energy per unit volume. For a calorically
perfect gas, the pressure is related to the total energy by the
equation of state

u’+ vzz

. ®

p=(r-Dfe—p

where +y is the ratio of specific heats.

The present algorithm is implemented within a finite-vol-
ume framework to allow the treatment of essentially arbitrary
geometries. Under any nonsingular tranformation of indepen-
dent variables the equations can be written

W OF 3G _

W 3_£+a_7‘]— 4

where W = hw is the transformed dependent variable and
F = {phU, phUu + ynp, phUv —xnp, (e + p)hU}T  (5a)
G = [phV, phVu — ytp, phVv + x&p, (e + p)hV}"  (Sb)

are the transformed flux vectors. Here # = x£yn — xqny & is the
determinant of the Jacobian of the transformation (that
corresponds to the cell area), and U and V are the contravari-
ant components of the velocity given by

[ ynu —Xxqv
(U, VIT= < ~ytu +x£v> ©)

In a finite-volume method, the spatial derivatives are
approximated by evaluating the net flux across the faces of
each mesh cell using constant values of the velocities on each
face. In the present method, the dependent variables are
defined at the cell centers; alternatively, these values can be
considered as averages for the cell. The value on each face is
taken to be the average of the cells sharing the face, so that,
for example,

OhU);y v ;= B0 e n = Yiv s, j— ) OU 1, + 0U; 5)

= Xy e = Xiw s jo )OOV 1 + 00 5) ] )

This approximation is equivalent to a centered difference
scheme that is second-order accurate in the mesh spacing in
the physical domain when the mesh is smooth.

Artificial Dissipation

In order to prevent the decoupling of the solution at odd-
and even-numbered cells in the grid, dissipative terms must be
added. Following Jameson,® the dissipative terms are con-
structed as an adaptive blend of second and fourth differ-
ences. As pointed out by Jameson, the fourth-difference terms
are necessary if the scheme is to converge to a steady state,
while the second-difference terms are necessary to prevent
excessive oscillation of the solution in the vicinity of shock
waves.

The difference approximation, including the dissipative
terms, can be written

AW, ;/dt) + Qw, ; —Dw, ; =0 ®)
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where Q is an operator representing the differences introduced
by approximations of the form of Eq. (7) for the fluxes, and
D is an operator representing the dissipative terms, which will
now be defined. The dissipative operator can be written

Dw =Dw + D,w &)
where

Dyw = §,(d;w) (10a)

D,w = 4,(d,w) (10b)

where 6;and 6, are central-difference operators spanning a
single mesh cell and

dyw = (@5, — 95w an

The coefficients e and e are adapted to the solution and are
defined as follows.

Let
_Ipi+1,j_2pi,j+piv1,jl 2
Vi,j = 2 (1 )

Pivr,jt2ebi; tPi1;

then
€2y = /ALY, k@ max(v,, y ;, v ;) (13a)

and
e s,y = max [0,(h/A1*),, 1P — €, ;] (13b)

where @ and «® are suitably chosen constants, and At* is a
time-step scaled to the local Courant number for the cell. The
dissipative terms corresponding to the operator D, are
similarly defined. This tailoring of the dissipative coefficients
simultaneously activates the second-difference terms and turns
off the fourth-difference terms near shock waves, allowing
them to be captured with little or no overshoot.

The scaling of the dissipative terms with 1/A¢* makes them
proportional to the propagation speed of the characteristic
that limits the time-step. In the formulation of Jameson,? the
value of A¢* is chosen to be the time-step corresponding to a
unit Courant number for the cell, defined as

At At
Arr = —E1 (14)
At, + At,

where At, and At, are the time-steps corresponding to unit
Courant number for one-dimensional problems in the £- and
p-directions, respectively. Thus, the same value of Af* is used
to scale the dissipative terms in both coordinate directions. In
the present work, it has been found that stability can be
maintained while introducing less spurious dissipation if A¢* is
defined differently for the £- and y-directions, using Af; for
the determination of d; and A¢, for the determination of d,. In
a sense, this strategy allows the use of the minimum
dissipation to stabilize the one-dimensional problems in each
of the coordinate directions, rather than using the larger of the
two values of 1/At, which is approximately what the Jameson
strategy does for large aspect-ratio cells.

It has been found in the present work that somewhat larger
values of «? and «® than those typically used by Jameson are
required to prevent significant spurious oscillations of the
entropy. The values generally used in the present calculations
are k® =2 and «¥ = 1/32, respectively. When using these
larger values, excessive dissipation was introduced in the
vicinity of the airfoil surface when the original form of the
dissipation was used.
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Finally, it should be pointed out that the present formula-
tion of the dissipative terms differs in one other respect from
that of Jameson. As shown in Eq. (11), the dissipation
included in the energy equation is applied to the energy e, not
to the total enthalpy e + p. This means that the difference
equations can no longer capture identically a constant total
enthalpy, and it becomes more difficult to include enthalpy
damping into the iterative scheme. However, it was thought
more important in the present work to keep the contribution
of the dissipation terms in diagonal form.

Iterative Scheme

In smooth regions of the flow, Eqgs. (4) plus the dissipative
terms just described can be considered approximations to the
quasilinear system

oW AW aW 3 (, aw . Pw
LAl B_=_i(z)__<4>_.__}
o PABE TPy Tl T
] ow FPw
IR DX ¢ BaAGEN () B
* [e an € an3} as)

where A = {3f/0W ] and B = {dG/3W] are the Jacobians of
the transformed flux vectors with respect to the solution. The
elements of these matrices can be expressed explicitly in terms
of w and the elements of the Jacobian matrix of the coordinate
transformation and are given by Warming, Beam, and Hyett®
and by Chaussee and Pulliam.”

Block ADI methods for the equations of compressible
gasdynamics were first introduced by Briley and McDonald!®
and by Beam and Warming.!! The basis of these methods is to
approximate the spatial derivatives as weighted averages of
differences taken at the old and new time levels, linearizing the
changes in the flux vectors using Taylor-series expansions in
time, then to approximate the implicit operator as a product
of one-dimensional factors. The linearization of the flux
vectors is given by

FIP'=Fl, + ALAW], + O(A?) (16a)

Gij"' = Gij + BAW]; + O(Ar) (16b)

where

n n+ 1 n
AW =W, — W

is the correction to be added to the solution in the ,j cell in
going from the 7 to the n + 1 time level. This gives a scheme
of the form

(I + 0AL[A, ;6 + B;;5, — €2 (87 + 82)(1/h) + €7 (8 + 83)
X (I/R)Z'AW]; = — At(8,F,; + 8,G;; — €2 (8% + 62w
+ e8¢ + 83)yw) 17

where 6 is a parameter determining the degree of implicitness
of the scheme (with 0=<6=<1, where =1 corresponds to a
fully implicit scheme). Note that for simplicity, Egs. (17) are
written as if the coefficients of the £- and g-difference
dissipation terms were the same. They are, of course,
different, depending as they do on the second difference of the
pressure in the appropriate coordinate direction, as well as the
value of A#; or Af, when the directionally scaled form of
dissipation is used. The appropriate values are used in the
calculations. Also, at this point in the analysis it is assumed
that the dissipative coefficients in the implicit operator are the
same as those on the right-hand side of the equation. The gen-
eralization allowing these coefficients in the implicit and
explicit portions of the operator to be different will be
discussed later.
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To make the scheme computationally efficient, the operator
on the left-hand side of Eqgs. (17) is approximated as the
product of two one-dimensional factors to give

(I + 0AL[ALLS, — €2)83(1/h) + € 8(1/h)))

X (I + 6At[B]8, — €D 8X(1/h) + €831/ AW,

L™ Lj iLj Yy

= —At[8,F,; + 8,G;; — €D (0} + 5w + € (8 + w}"
ag)

The solution of Eqgs. (18) is achieved in two steps. First, the
intermediate correction

AW, = (I + OAL[B]5, — €26X(1/h) + 641/ h) LAWY, (192)

L1 L1 L) 5]

is determined by solving

(I + 0AL[ALLS, — €2 6X1/h) + €258(1/h) JAW,, = R,; (19b)
where R;; is the residual vector corresponding to the right-
hand side of Eqgs. (18). Thus, to advance the solution one
time-step, Eqs. (19) require the solution of one block penta-
diagonal system along each line of constant », followed by the
solution of one block pentadiagonal system along each line of
constant £. The size of the blocks is 4 X 4 for this two-dimen-
sional problem; for a three-dimensional problem, there are
three factors to be inverted, and the blocks are 5 X 5.

The scheme described by Eqs. (19) would be reasonably
efficient if it were not necessary to add numerical dissipation
to stabilize the central-difference approximation. In particu-
lar, if only second-difference terms were added (i.e., if
€ =0), it would still be necessary only to solve block
tridiagonal systems. However, as pointed out above, the
inclusion of fourth differences is essential if the solution is
ultimately to converge to a steady state, and it is important to
treat these differences implicitly if the solution is to converge
rapidly.!? This can be done in a straightforward manner,
following the development above, but leads to a requirement
to solve block pentadiagonal systems for each factor. This
requires approximately twice the computational labor of the
block tridiagonal inversions and begins to become computa-
tionally prohibitive.

An alternative is to diagonalize the equations at each mesh
point, yielding a decoupled set of equations, each of which can
be solved using a scalar pentadiagonal solver. This requires
approximately one-quarter the computational labor of the
block pentadiagonal solution (and requires, in fact, only
about half the work required to solve the block tridiagonal
systems). Let Q4 and Qp be the modal matrices of the Jacob-
ians A and B, so that Q; 'AQ, = A, and Qp 'BQy = A, are
diagonal matrices whose nonzero elements are the eigenvalues
of A and B, respectively. At each point the linearized equa-
tions can then be written

(I +0A1[A, 5, — eD5(1/h) + €95(1/h) Q'
X Qpn I + 0At[ABi,35" - ea)éf,(l/h) 1 6(4)6:(1/}1)]%’,{;
= — AIQ (8,F,; +6,Gy; — € (83 + )w
+ € (62 + 8wl 20)
where
APV,Z- = QBAVi?j

i.e., AV, is the change in the vector of characteristic variables

corresponding to the # flux vector. The solution procedure is
similar in structure to that of the block scheme. First, the
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intermediate correction
AV, = Q' QI + 0At[Ag, 5, — €8
x (1/h) + e95X1/h) vy, (21a)
is determined by solving the equations
( + 0A1[A 0, — €D}(1/R) + €95(1/M)JAV,, = Qi'R,,
(21b)

Then the correction itself is determined by solving Eqgs. (21a).
As described above, the solution of Egs. (20) requires the
determination of the modal matrices of the A and B Jacobians
(and their inverses) at each point, a matrix multiply of the
residual vector, the solution of four scalar pentadiagonal
systems along each £-line, another matrix multiply of the
intermediate correction vector, a second set of four scalar
pentadiagonal solutions.along each #-line, and a final matrix
multiply to extract the corrections to the primitive variables.
The cost of determining the elements of the modal matrices is
about twice that of computing the elements of the Jacobian
matrices in the block method, but even with the extra
matrix-vector multiplies, the diagonalized procedure is consid-
erably more efficient than solution of the block pentadiagonal
systems. The advantage of the diagonal scheme would be even
greater on a vector computer, since the determination of the
elements of the modal matrices and the additional matrix-vec-
tor multiplies are easily vectorizable.

The incorporation of the scheme within the multigrid
algorithm is straightforward, following the procedure devel-
oped by Jameson.? An auxiliary mesh (denoted by the
subscript 24) is defined by eliminating every second line of the
fine grid (denoted by the subscript #) , effectively doubling the
mesh spacing in each direction. Values of the flow variables
are restricted to the coarser grid using area-weighted averages
of the form

s
w = Lo @2)

where S, is the area of a fine-grid cell, and the summation is
over the fine-grid cells contained in the coarse-grid cell. It is
important that the solution on the coarser grid be driven by
the residual computed on the fine grid, and so a forcing
function is defined as

Py, = ERh — Ry (Wz(?z)) 23

where R, is the residual on grid level having grid spacing nh,
and wiY is the initial estimate for the solution, restricted from
the A4 grid. The residual used to drive the corrections on the
coarser grid is then given by

Ry, = Ry (wy) + Py, (24)

After corrections have been computed on the coarser grid, the
process is continued to still coarser grids in a similar manner.
The residual on the next coarser grid is

Ry = Ry (W) + Py, (25)
where
Py, = ERZh — Rup (W) (26

After corrections have been computed on the coarsest grid,
they are prolonged back to successively finer grids using
bilinear interpolation in the computational coordinates. After
the corrections have been added to the solution on the finest
grid, the cycle is repeated.
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It has been found necessary to update only the body-surface
boundary conditions on coarser grids; far-field boundary
conditions are frozen during each multigrid cycle.

In the present work, the overall convergence rates seem to
be relatively insensitive to the number of time-steps performed
at each stage of the multigrid cycle. The best asymptotic rates
seem to be obtained using a fixed V-cycle in which one
time-step is performed on the finest and on each coarser grid
as the grid is coarsened, but no smoothing is performed on the
coarser grids after corrections have been added. Since the
computational work required per time-step is very nearly
proportional to the number of grid cells, the work per
time-step on each coarser grid is approximately one-quarter
that on the previous grid. Thus, for the above fixed strategy,
one multigrid cycle requires slightly less than 4/3 work units,
if a work unit is defined as the amount of computation
required for one time-step on the fine grid. When the
freestream is used as the initial estimate on fine grids, it is
sometimes necessary to have more smoothing in the early
stages of the iteration. Thus, most of the results to be
presented here were computed using an additional smoothing
step after corrections have been added to all but the finest grid
from still coarser grids. This strategy requires slightly less than
5/3 work units per multigrid cycle.

Since Jameson found it desirable to use only a fixed-coeffi-
cient, second-difference form of the dissipation on coarser
grids, additional efficiency with the present formulation can
also be achieved by using a scalar tridiagonal solver on the
coarser grid levels.

Boundary Conditions

The treatment of the explicit boundary conditions in the far
field follows that of Jameson,® based upon the Riemann
invariants of the one-dimensional problem normal to the
boundary. The solutions computed to date have involved only
subsonic freestream Mach numbers, so the far-field
boundaries have either subsonic inflow or outflow. For a
boundary of constant 5, the Riemann invariants

XU — YU 2c
R ==L 4 (27a)
: Vi +yi ov—1

XU — Y 2¢
R, =28 287 (27b)
g Vi +yp vl

are determined using either freestream values or those
extrapolated from the interior, depending upon the direction
of propagation of the characteristic. These values are then
used to determine the normal component of velocity and the
speed of sound at the boundary

R, +R
q, = -——‘1 2 2 (283)
—1
c=1—(R - Ry) (28b)

The velocity component tangential to the boundary is set to
the freestream value for inflow or extrapolated from the
interior for outflow, as is the entropy of the fluid. The density
and pressure are then determined from the speed of sound and
the entropy.

At the body surface, only the pressure is required, since the
contravariant velocity component normal to the boundary is
identically zero there. The pressure at the body surface is
determined from the normal momentum equation following
the formula proposed by Rizzi.!? Since the airfoil surface is a
line of constant 5 in the present implementation,

) 3
OF +x?) a—’; = (X, + y,) a—’; + phU(xv — yutt)  (29)
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is used to estimate the normal pressure gradient using values
of the dependent variables in the row of cells next to the body
surface. Then

_ Ay dp
Diyv: = Pit 2 an (30)

is used to determine the pressure on the surface.

As a result of the diagonalization of the ADI scheme, it is
straightforward to treat the implicit boundary conditions in a
manner consistent with the characteristic theory. From Eqgs.
(18) and (21b), it is clear that

AV* = Q7 'AW + O(Ar?) (la)
while from the definition of V

AV = Qg 'aw (31b)

Thus, AV* is an approximation to the change in the vector of
characteristic variables for the one-dimensional problem in the
¢-direction, whereas AV is the change in the vector of
characteristic variables for the one-dimensional problem in the
n-direction. In the £-implicit sweeps, the boundary condition
for those elements of AV* corresponding to characteristics
entering the domain is taken to be a homogeneous Dirichlet
condition, whereas the boundary condition for those elements
corresponding to characteristics leaving the domain is taken to
be homogeneous Neumann. The boundary conditions for the
n-implicit sweeps are treated similarly.

HI. Convergence Analysis
The interpolation of corrections from the coarser grids to
the finer grids will inevitably introduce error that has high-
wave-number content, which cannot be rapidly expelled
through the boundaries. For the multigrid algorithm to be
efficient, therefore, the smoothing algorithm must be effective
at eliminating these high wave-number errors. The high wave-
number damping characteristics of the present scheme can be
analyzed by studying the application of the ADI scheme to the
simple scalar equation
ow/dt + cOw/dx + cow/dy
+ ce(AX3u/dx* + Ay30*u/dyt) =0 (32)

Under the assumption that Ax = Ay, an ADI approximation
for this equation can be written

{1+ O[3, + edyl}(1 + O[S, + e5:1})Aw =
—No, + 8, + €8} +85)w” (33)

where A=cA#/Ax is the Courant number. The amplification
factor G in a von Neumann analysis of this scheme is given by

{1 + NO( sinf + 16¢ sin* £/2))(1 + A8
X (i sing + 16¢ sin* 9/2)}G =
1+ iN(8 — 1){sinf + sing] + 16A(fe — €)
X {sin*£/2 + sin* 5/2}
+ N202{ — sin¢ sing + 2568 sin* £/2 sin® /2
+ 16/e(sing sin* 7/2 + siny sin® £/2)} (34)
where £ and » are the mesh wave numbers in the x- and

y-directions, respectively. The amplification factor can be
forced to be zero in the high wave-number limit of £ =g =17
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Fig. 1 Growth factor for model hyperbolic equation with fourth-dif-
ference dissipation; Jameson-Yoon ““optimal’’ coefficients.

Fig. 2 Growth factor for model hyperbolic equation with ¢ = e.

by the choice of

V32Xhe -1
16N

€=

(3%

as was noted by Jameson and Yoon.6 (The typographical error
in their formula has been corrected in the above equation.)
This is not necessarily the optimal choice for use with the
multigrid algorithm, however. Figures 1 and 2 illustrate the
variation in the modulus of the amplification factor |G| with
mesh wave number in the two coordinate directions. Figure 1
corresponds to the condition of Eq. (35), whereas Fig. 2
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Fig. 3a Far-field structure of 192 x 32 cell C-grid for NACA 0012
airfoil calculation.

Fig. 3b Structure of 192 X 32 cell C-grid for NACA 0012 airfoil in
vicinity of airfoil surface.

corresponds to the choice of € = . Although the amplification
factor does not go to zero in the high wave-number limit in the
latter case, the average damping in the high wave-number
region is still quite good. Numerical experiments confirm that
there is little reason not to choose € = e.

IV. Results

The algorithm described above has been applied to the
problem of transonic flow past an airfoil. The diagonal-im-
plicit scheme has been coded, including the blended second-
and fourth-difference dissipation terms and multigrid imple-
mentation. Results have been obtained for a variety of airfoils
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and freestream conditions to verify the accuracy of the basic
algorithm. First, airfoil surface pressure distributions will be
presented for several of these cases, then the convergence rates
of both the block-implicit and diagonalized schemes will be
compared, and the convergence acceleration due to multigrid
will be shown. Finally, the entropy variations will be studied
to compare the relative amounts of spurious dissipation
introduced by the dissipative terms.

All results presented here have been calculated on C-grids
containing 192 x 32 grid cells in the wraparound and normal
directions, respectively. The far-field boundaries of the grid
are located approximately 50 chords upstream and down-
stream of the airfoil and 100 chords laterally. The entire grid
for a NACA 0012 airfoil is shown in Fig. 3a, and the grid
structure in the vicinity of the airfoil surface is shown in Fig.
3b. The ratio of largest to smallest cell area is slightly more
than eight orders of magnitude. The most elongated cells have
aspect ratios of approximately 168 and 115 in the - and
E-directions, respectively, and so the ratio of largest to
smallest geometric aspect ratio is almost 2 X 10*. Most of the
calculations were performed on an FPS AP-264 Scientific
Processor attached to an IBM 3084 host. A typical calculation
(consisting of 100 work units) requires less then 2.4 min of
CPU time for the decoupled pentadiagonal implicit scheme,
but almost 12.0 min for the pentadiagonal block implicit
scheme. The code has also been run on the CRAY X-MP;
after modest rearrangement to get most of the nonrecursive
parts of the code to vectorize, it was found that 100 work units
of the decoupled pentadiagonal scheme required approxi-
mately 20 s CPU time.

Airfoil surface pressure distributions for several cases will
first be presented to verify the accuracy of the scheme. These
calculations were performed with the directionally scaled
dissipation and were well enough converged that the final
answers are independent of the form of the ADI scheme used.
Figure 4a presents the surface pressure distribution for the
NACA 0012 airfoil at a freestream Mach number of 0.85 and
zero deg angle of attack. The results of the present calcula-
tions are compared with those of Jameson and Yoon.® As may
be seen from the figure, the results are virtually identical.
Figure 4b presents similar results for the NACA 0012 airfoil at
a freestream Mach number of 0.80 and 1.25 deg angle of
attack. The results for this case are compared with those of
Pulliam.!? Here, the agreement is not quite so good as for the
previous case, the primary difference being the better resolu-
tion of the shock on the airfoil lower surface by Pulliam’s
scheme. This is a result primarily of the finer grid density used
in the Pulliam calculation.

Convergence results will be presented only for the NACA
0012 airfoil at a freestream Mach number of 0.80 and 1.25 deg
angle of attack. Convergence rates for other cases are similar,
The calculations were performed as strict V-cycles, starting
with the undisturbed flow as the initial guess on the fine grid,
using the fully implicit scheme (# = 1). Solutions of a given
accuracy can usually be obtained more cheaply using grid
sequencing in which multigrid solutions are first obtained on
coarser grids, then interpolated for use as initial conditions on
finer grids. An example using this strategy will be presented
later. The logarithm of the average over all the grid cells of the
residual of the continuity equation Ap/A¢|, the total number of
grid cells in which the local Mach number is supersonic, and
the lift and drag coefficients are plotted as a function of
computational labor, measured in work units. The latter three
quantities are plotted in arbitrary units, scaled to their final
values. These final values are independent of the iterative
process and of the parameters used in the iterative process,
since the scheme has been cast in delta (or correction) form.

The convergence histories for the present diagonal-implicit
scheme on a single grid and with five-level multigrid are shown
in Fig. 5a and 5b. The Courant number is different in the two
cases, being chosen to give the best asymptotic convergence
rates in each case. The Courant number for the single-grid
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Fig. 4a Surface pressure distribution for NACA 0012 airfoil at 0.85
Mach number and zero deg angle of attack; symbols are present
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Fig. 5a Convergence history for diagonal-implicit scheme on single
grid (local time-stepping is used at Courant number 12).
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Fig. 5¢c Convergence history for block-implicit multigrid scheme
(local time-stepping is used at Courant number 8).

result is 12.0, whereas that for the multigrid result is 8.0. In
both cases, local time-stepping has been used, i.e., the
time-step in each cell is adjusted to correspond to a fixed
Courant number. The scheme remains stable at higher
Courant numbers, but the overall convergence rate is de-
graded because of the poorer high wave-number damping at
the larger values of time step. Using multigrid, the average
residual in this case has been reduced by almost nine orders of
magnitude in 121 multigrid cycles (corresponding to approxi-
mately 200 work units); the three measures of global
convergence, the number of grid cells in which the local Mach
number is supersonic, and the lift and drag coefficients have
converged to within plottable accuracy of their final values
after only 60 multigrid cycles (corresponding to approximately
99 work units).

Calculations using a tridiagonal version of the diagonalized
implicit algorithm (obtained simply by zeroing out the
additional coefficients) converge asymptotically nearly as well
as the pentadiagonal scheme but suffer from more highly
oscillatory convergence. Indeed, for the case presented above,
the tridiagonal scheme fails to converge when started from
uniform freestream conditions on the fine grid.

Figure 5c presents the convergence history of the implicit
multigrid scheme using a block pentadiagonal solver instead
of the diagonalized scheme. The asymptotic rate is almost
identical to that of the diagonalized scheme, but the diagonal
scheme suffers less from oscillation in the force coefficients
and in the number of supersonic points early in the calcula-
tion. This is probably due to the better treatment of the
implicit boundary conditions in the diagonalized scheme, as
described earlier. For the block pentadiagonal scheme, the
implicit boundary conditions were taken to be homogeneous
Dirichlet conditions at both ends of the lines for both factors.

Fig. 6 Surface pressure distribution for NACA 0012 airfoil at 0.80
Mach number and 1.25 deg angle of attack, computed using only 10
multigrid cycles on each of three successively finer grids.

Calculations for this flowfield using a block tridiagonal solver
failed to converge on the fine grid of this test case; this also
was probably due to the poorer representation of the implicit
boundary conditions, which were treated as for the block
pentadiagonal solver. In any event, the convergence rate does
not seem to have been adversely affected by the diagonaliza-
tion procedure. This fact is also confirmed by the fact that the
convergence rates of the present diagonalized scheme are
comparable to those of Jameson and Yoon® when they used
the full block pentadiagonal scheme.

The results presented above were calculated using €@ = ¢@
and ¥ = ¢, Diagonalized pentadiagonal multigrid calcula-
tions have also been performed using the ‘‘optimal” coeffi-
cients corresponding to Eq. (35). The convergence for these
cases tends to be more oscillatory. A comparison for the case
presented above is not presented because the scheme diverges
when started from uniform freestream conditions (although it
does converge when grid sequencing is used).

The above convergence studies have demonstrated that the
rate of convergence does not deteriorate with convergence,
and that the residuals can be driven to machine zero
(corresponding to residuals of approximately 10~!3 on the
above plots for the 64-bit AP 264) in less than 400 work units.
Of course, the primary advantage of the multigrid method is
its ability to reduce all wave-number components of the error
with nearly the same efficiency, and the above plots show that
the global measures of convergence (number of supersonic
points and force coefficients) converge to plottable accuracy
in less than 100 work units. To further emphasize this point,
the pressure distribution for the above case is shown in Fig. 6
for a calculation in which grid sequencing was used on three
grids. Ten multigrid cycles were performed on grids contain-
ing 48 X 8 cells, 96 X 16 cells, and 192 x 32 cells, interpolating
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Fig.7 Surface pressure distribution for Korn airfoil at shock-free
design Mach number of 0.75 and 0 deg angle of attack; solid line
represents directional form of dissipation, symbols represent conven-
tional form of dissipation.

from the coarser-grid solution to obtain initial estimates for
the solution on each finer grid. For this calculation, two
smoothing steps were performed on each coarser grid after
corrections had been interpolated from yet coarser grids; using
this strategy, each multigrid cycle requires slightly less than
two work units. The grid sequencing strategy requires a total
computational labor that is less than one and one-third times
the 20 work units on the finest grid. As can be seen, although
the average residual has been reduced by less than 1.5 orders
of magnitude, the pressure distribution is virtually identical to
that of the fully converged solution of Fig. 4b, and both the
lift and drag coefficients agree to three significant figures.

Finally, the results of several calculations with the conven-
tional form of the dissipation will be presented. Calculations
for the Korn airfoil at its shock-free design condition and for
the NACA 0012 airfoil at a freestream Mach number of 0.80
and 1.25 deg angle of attack are presented. Convergence rates
are similar to those presented earlier, so only converged
pressure and entropy distributions will be shown. Figure 7
presents the solution for the Korn airfoil. The surface pressure
distribution calculated using the directionally scaled dissipa-
tion is very nearly shock free; the weak shocklet appearing at
the downstream boundary of the supersonic zone is due to the
errors introduced by the spatial discretization, including the
introduction of the artificial dissipative terms into the
difference equations. The shocklet is significantly stronger in
the pressure distribution calculated using the original form of
the dissipation. This effect is even more pronounced on
coarser grids, as might be used in three-dimensional calcula-
tions.

The surface pressure distribution for the NACA 0012 airfoil
computed using the conventional dissipation is virtually
identical to that computed using the directionally scaled form.
Figures 8 and 9 present comparisons of the entropy generated
for the NACA 0012 case. The variable plotted is

s=£—1

oY
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Fig. 8a Surface entropy distribution for NACA 0012 airfoil at 0.80
Mach number and 1.25 deg angle of attack using conventional form of
dissipation.
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Fig. 8b Surface entropy distribution for NACA 0012 airfoil at 0.80
Mach number and 1.25 deg angle of attack using directionally scaled
dissipation.
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Fig. 9a Contours of constant entropy near NACA 0012 airfoil at
0.80 Mach number and 1.25 deg angle of attack using conventional
form of dissipation.
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Fig. 9b Contours of constant entropy near NACA 0012 airfoil at
0.80 Mach number and 1.25 deg angle of attack using directionally
scaled dissipation.

which is a relative measure of the change in entropy. The value
s = 0 corresponds to the freestream entropy, since both p and
p are normalized with respect to their values in the freestream.
1t is not difficult to show, using the isentropic relations, that
the variable s is related to the percentage loss in total pressure
by

Apy/Pow =1~ (1 +5) ~V/0=D
Figures 8a and 8b show the entropy distributions along the

airfoil surface for the conventional and directional forms of
the dissipation, and Figs. 9a and 9b show contours of constant

AIAA JOURNAL

entropy in the vicinity of the airfoil surface. These clearly
show the location of the strong shock wave extending from the
upper surface of the airfoil and also show a significantly larger
entropy layer extending from the vicinity of the leading edge
for the result computed using the conventional dissipation.

V. Conclusions

A multigrid implementation of a diagonalized Alternating
Direction Implicit algorithm to solve the Euler equations of
inviscid, compressible flow has been described. The equations
are approximated using a finite-volume spatial discretization
with added dissipation provided by an adaptive blend of
second and fourth differences. The diagonalization of the
implicit factors to produce scalar pentadiagonal systems
results is an appreciable savings in computational labor.
Results for transonic flows past airfoils verify the accuracy of
the basic scheme, and convergence histories demonstrate the
efficiency of the method. The tridiagonal form of the
diagonalized scheme produces asymptotic convergence rates
nearly as good as the pentadiagonal form but is less robust.
The block tridiagonal scheme fails to converge on fine grids,
probably due to less well-represented boundary conditions.
Comparisons of results calculated with a directionally-scaled
numerical dissipation demonstrate its tendency to introduce
less spurious entropy than the conventional form. Application
of the method to compute flows in high-speed inlets and
calculations on the more highly stretched grids typical of high
Reynolds number viscous calculations are currently being
investigated.
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